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Abstract. Let P be a filter base for J-" on X, in wliicli any element is an open 
subset. We denote by C-p^X) {Coov{X)) the set of all functions / G C(X) 
where Z[f) ({x : |/(a;)| < -},Vn G N) contains an element of V and observe 
that Ck{X),C^{X)Ic^{X)), are special kinds of Cp(X) (C^p(X)). In this 
paper we generalize well known theorems about Ck{,X),C.^{X) and Coo(X)) 
for Cp(X) and Coop(X)). Coop(X) may not be an ideal of C(X). We see that 
Coo-p(X) is an ideal of C(X) and for each F G J-", X\F is bounded if and only 
if the set of non-cluster points of the filter F is bounded. Consequently, if 
V={A C^pen X: X \ A is bounded } (respectively V={A C X: X \ A is finite 
}), Coop(X) is an ideal of C(X) if and only if any union of the interior of closed 
bounded subsets of X is bounded (respectively the set of isolated points of X 
is bounded). Also we find equivalent condition for which C-p(X) and Coop(X) 
are equal. Moreover we prove that C-p(X) is an essential (respectively free) 
ideal if and only if for any open set ?7 in X there exists an open set C f/ 
such that X \ y G J-" (respectively J-" has no cluster point). Finally, we prove 
that Coop(X) is a regular ring (respectively 2;-ideal) if and only if every closed 
J-'-CGs is an open subset and a member of J-" (respectively every cozero-set 
which contains a J^-CGs is an element of J-"). 

Keywords: local space, bounded subset, z-ideal, regular ring, essential ideal, 
J-'-CGs subset. 
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1 Introduction 



In this paper, X assumed to be a completely regular Hausdorff space. C{X) 
{C*{X)) stands for the ring of all real valued (bounded) continuous functions 
on X. A nonempty collection B of nonempty subsets of the space X is a filter 
base for some filter on X if and only if the intersection of any two elements 
of B contains an element of B. If any element of B is an open subset, we say 
B is an open filter base, it is worth to mention that, in this case the filter 
generated by B consists of all suppersets of element of B. We shall say that 
a point p G X is a cluster point of J-" if every neighborhood of p meets every 
member of J-", in other words, p G f]pi^jrF. Kohls in ^ has proved that the 
intersection of all free maximal ideals in C*{X) is precisely the set Coo{X) 
consists of all continuous functions / G C{X) which vanish at infinity, in the 
sense that {x : > -} is compact for each n G N. Kohls has also shown 

that the Ck{X) consists of all functions in C{X) with compact support is the 
intersection of all free ideals in C{X) and all free ideals in C*{X). It is well 
known that Ck{X) is an ideal of C{X) and it is easy to see that Coo{X) is an 
ideal of C*{X) but not in C{X), see [5]. An ideal I of C{X) is called essential 
ideal if / fl (/) ^ 0, for every non-zero element / G C{X). In [4J it has been 
proved that an ideal I of C{X) is an essential ideal if and only if H-^f-^] 
doesn't contain an open subset (intf]Z[/] = 0). In [3] it has been proved 
Ck{X) is an essential ideal if and only if X is an almost locally compact {X 
has a dense locally compact subspace). An ideal / of C{X) is called z-ideal if 
Z{f) ^ ^{9) J f ^ then g & I. In particular, maximal ideals, minimal prime 
ideals, and most of familiar ideals in C{X) are 2;-ideals. see [B] and j2j. 

Our aim of this paper is to reveal some important properties of a special 
kind of generalized form of Ck{X) and Coo(X)), which denoted by C-p(X) 
and Coop(X). In section 2, some examples of those subrings are given and 
it is shown that C-p{X) is a free ideal if and only if J-" has no cluster point. 
Consequently, we observe that X is a local space (there is an open filter base 
V for a filter J-" which J-" has no cluster point) if and only if there is an 
open filter base V such that Cp(X) is a free ideal. In this section, we prove 
Cp(X)(Coop(X)) is a zero ideal if and only if any element of V (J-") is dense 
in X. A subset A of X is called T-CGs, if A = Hi^i where each Ai is an 
open subset, X\Ai, Aj+i are completely separated and Ai G J-". We also show 
that Cp(X) = Coop(X) if and only if every closed F-CGs is an element of 
J-". We give an example of an open filter base V over which Coop(X) is not 
an ideal of C{X). It is also shown that Coop(X) is an ideal of C(X) and for 
any F G J-", X \ F is bounded if and only if the set of non-cluster points of 
the filter T is bounded which generalizes [5l Theorem 1.3]. Consequently, If 
X is a pseudocompact, then for any open filter base P, Coop(X) is an ideal of 
C{X). 
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Section 3 is devoted to essentiality of C-p{X) and ideals in Coov{^)- An 
ideal E in Coov{X) is an essential ideal if and only if f]Z[£'] doesn't contain 
X\F for any non-dense subset F E J^. we observe that Cp(X) is an essential 
ideal if and only if for any open set U in X there is an open subset V ^ U 
such that X \ V e { ior any non-empty closed subset G in X there is a 
closed subset F D G in T). 

In section 4, we have proved that Coop(^) is a 2;-ideal if and only if every 
cozero-set which contains a J^-CGs is an element of J-". Also we have proved 
Coovi^) ^ regular ring(in the sense of von Neumann) if and only if every 
closed T-CGs is an open subset and belongs to T. Finally, we see that if V is 
equal the set of all open subsets of a non-Lindelof space X whose complements 
are Lindelof, then V is an open filter and Coov{^) is a regular ring if and only 
if every closed V-CGs is an open subset. 

2 Cr{X) and Coov{X) 

Definition 2.1. Let 7^ be a base for a filter on topological space X, in which 
any element is an open subset, then we define the family G-p{X) to be the set of 
all functions / in C{X) for which Z{f) contains an element of V. And Coov{X) 
denotes the family of all functions / G C{X) for which the set {x : < -} 

contains an element of V, for all n G N. 

Prom now on all, assume that V is an open filter base for a filter T. 

Lemma 2.2. (a). G-p{X) is a 2;-ideal of C{X) contained in Goov{X). 

(b) . CAX) = EAevOA^\JAevOA 

(c) . G^'p{X) is a proper subring of G{X). 

Proof. (a). By definition of G-p{X) and as such that is a base filter, it is 
easily seen that Cp{X) is a z-ideal and contained in Coo-piX). 

(b) . let / e C-piX). Then there exist A E V such that A C Z{f). 
Hence A C intZ{f), i.e, f e Oa C Y.agv'-^a- If / e Y.agp'^a, then there 
exist /i G OAi,---,fn e Oa„ such that / = /i + ... + /„, then 0^=1 A Q 
ftliintZ{fi) C Z{f). But n£i A eV so f e Cr{X). The proof of the 
second equality is trivial. 

(c) . First we observe that Coovi^) ^ proper subset of C{X), for if 
Coov{X) = C{X), then E V, which is a contradiction. On the other hand 
we have {x : \f{x) - g{x)\ < ^} ^ {x : < ^} H : \g{x)\ < ^} and 
{x : \f{x)g{x)\ <^}^{x: \f{x)\ <j^}ri{x: \g{x)\ < ^}. So by definition, 
Coop(X) is a proper subring of G{X). 

Example 2.3. Let X be a non-compact Hausdorff space X and V={A C X : 
X \ A is compact}. Then V is an open filter base , Cp{X) = Ck{X) and 
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Coop(X) = Coo (X). For, let / G C-p{X). Hence there exist A G P such that 
A C Z(/), i.e, X \ Z{ f) C X\ A, hnt X\A is com pact hence / G Ck{X). 
If f e Ck{X), then X\Z{f) is compact and X \X\Z{f) C i.e, 
/ G Cp(X). Similarly we may prove that Coov{X) = Coo{X). 
Note that if X is a compact Hausdorff space, then for any open filter base 
V, we have Cp(X) C C^-piX) g C^{X) = C{X). Because 1 G C{X) but 
1 ^ C^viX). 

Example 2.4. Let "P be the family of all open subsets of a non-Lindelof space 
X whose complements are Lindelof. Then V is an open filter and 

C^v{X)={f : X \ Z{f ) is a Lindelof subset of X}, 

Cp{X)={f : X \ Z{f) is a Lindelof subset of X}. 

For let / G CooviX), then {x : \f{x)\ > ^} C X \ A for some AeV,is a 
Lindelof subset of X. On the other hand x\ Z{f) = [JlZTi^ ■ 1/(^)1 > 
hence X \ Z{f) is a Lindelof subset of X, by Theorem 3.8.5 in [7]. If X \ Z{f) 
be a Lindelof subset of X, then {x : |/(x)| > -} is a Lindelof subset of X so 
{x : |/(x)| < ^} contains an element of V, i.e, / G Coo-p(X). Similarly we may 
prove that C-p{X)={f : X \ is a Lindelof subset of X}. 

Proposition 2.5. If the complement of any element of V is Lindelof, then 
ux\x ■ Where by z/X we mean the real compactification of 

X. 

Proof. Let / G Coov{X) and be a free real maximal ideal. For any x G X\ 
Z{f) there exist G such that x G X\Z(/^). Hence X\Z(/) C X\Z{g) 
for some (? G M^, because is real and X \ Z{g) is Lindelof. Therefore 
Z{g) C But MP is a z-ideal so / G M^, i.e, Coop(X) C flpe.xu ■ 

Recall that, a subset A of X is called bounded(relative pseudocompact) 
subset, if for every function / G C(X), f{A) is a bounded subset of M. 

Example 2.6. Let V be equal to the set of all open subsets of non-pseudocompact 
space X which complements are bounded, then V is an open filter base and 

C-p(X) = C^(X) = {/ : X \ Z{f) is pseudocompact}, 

Ccav{X)={f : {x : |/(a;)| > ^} is pseudocompact}. 

Suppose that / G Cp(X), then Z{f) 3 A for some A & V. Hence 
X \ C X \ A whose implies that X \ Z{f) is a bounded subset. And 
now by [TOl Theorem 2.1], X\Z{f) is pseudocompact, i.e, / G C^(X). If 
/ G C^(X), then X \ X\Z{f) is an element of V and Z(/) D X \ X \ 
i.e, / G Cp(X). About C^(X), you can see [10]. 

Remark 2.7. If "P is equal to the set of all subsets of X which complements 
are finite, then Cp(X) = Cf{X), and C^v{X) = {/ : {x : > i} is 

finite }. In this case Coov{X) = Cf{X) if and only if the set of isolated 
points of X is finite. Let {xi,X2, ■■■Xn, ■■■} be a subset of isolated points in 
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X. Define = | ^ ^ ^ and /(x) = E^ZUx). Then / G C(X) 

and /(x„) = ^, X \ Z{f) = {xi,X2, ■■■}, i.e, / ^ Cp'(X). On the other hand 
{x : < ^ X \ {xi,X2, ■■.,Xn} so / G CooT'(X). This contradicts 

hypothesis. Conversely, let / G Coo-p(X) and / ^ Cf{X). Then there is 
{xi, X2, ...x„, ...} such that 7^ 0, so |/(a;„)| > some kn G N, i.e, 

x„ G {x : |/(x)| > -^j, but {x : |/(x)| > -^j is a finite open set so is an 
isolated point, this is a contradiction. 

Definition 2.8. A space X is called a local space provided that, there exist 
an open filter base V for a filter J-" on space X where J-" has no cluster point 

(nAeP^=0)- 

Example 2.9. Any locally compact non-compact space X is a local space. 
For let V={A C X : X \ A is compact}, then if x G f]^^^ A, by locally 
compactness of X, there exist a compact subset K X such that x G int{K), 
but X \ is in P, hence x e X\K, i.e, mt(ir) f] {X \ K) 7^ 0, this is a 
contradiction, thus flyieP A = 0. 

Example 2.10. Let X be an uncountable space in which all points are isolated 
points except for a distinguished point s. A neighborhood of s is any set 
containing s which complement is countable, so any set contains s is closed. 
X is a local space, for let Y = {xi, X2, ...} being a countable subset of X, where 
s ^Y. Set An = {x„,x„+i, ...}, which is a subset of Y. Let V={An : n G N}, 
then V is an open filter base on X, for any element of "P is a non-empty 
open subset and the intersection of any two element of V is an element of V. 
Now X \ An for any G N is a neighborhood of s so s ^ f]^ ^-p An, thus 
Hasp ^= 0- see ^8, 4. M]. 

In the following example we observe that there is a basically disconnected 
space which is not a local space. 

Example 2.11. For each n G N let A„ = {n, n + 1, ...} and E = {An. n G N}, 
then E is a base for a free ultrafilter say £ on N. Let X = N U {cr} which 
points in N are isolated point and a neighborhood of a is of the form U U {a} 
which U & S. Note that any set contains a is closed. Now if there is an open 
base V for some filter J-" on X such that J-" has no cluster point, then there 
exist F & such that a ^ F, but a has a neighborhood say U U {a} such 
that U E £ and U U {a} C X \ F. as such as is a base for there exist 
nen such that v4„ = {ra, n + 1, ...} U {cr} C f/ U {a} C X \ F. On the other 
hands for points x = l,2,...n — 1 there exist Fi, F2, ...Fn-i in J-", such that 
i G X \ Fi for 1 < i < n so X C (X \ F) U nr=/(^ \ therefore G J". 
This a contradiction, i.e, X is not a local space, see [El 4. N]. 
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We have already observe that C-p(X) is a z-ideal in C{X). In the following 
proposition we find a condition over which Cp(X) is a free ideal. 

Proposition 2.12. Let V be an open filter base for filter J-". Then C-p{X) is 
a free ideal if and only if has no cluster point(f]^gp A = 0). 

Proof. Let C\p^jr F 0. Then there exist x G flFeJ" hypothesis, there 

is / G Cp(X) such that x & X \ Z{f). On the other hand there is A E T 
such that X \ Z{f) C X \ A. Hence (X \ Z{f)) nA = 0. But x G A implies 
that (X \ Z{f)) n A ^ 0. This is a contradiction. Now let x E X. We 
have f]p^jrF = 0, so there exist F E V such that x ^ F. By completelyly 
regularity of X, there exist / G C{X) such that /(x) = 1, f{F) = 0. Hence 
/ G C-p(X) and x ^ Z{f), i.e, Cp(X) is a free ideal. 

it is easily seen that X is a locally compact non-compact if and only if 
V={A C X : X \ y4 is compact} is an open filter base with no cluster point. 
So by the above proposition we have the following corollary. 

Corollary 2.13. Ck{X) is a free ideal if and only if X is a locally compact 
non-compact space. 

Corollary 2.14. A space X is a local space if and only if C-p{X) is a free 
ideal for some open filter base P on X. 

Proof. By 12.121 the verification is immediate. 

Naturally, there is a question which C-p{X) or even Coop(X) can be zero 
ideal? In the following proposition we answer this question. 

Proposition 2.15. Let V be an open filter base. The following statement are 
equivalent. 

(a) . Every element of V is dense in X. 

(b) . Coop(X) = (0) 

(c) . CAX) = (0) 

Proof, (a) =^ (b). Let for every A E V, A = X and / G Coop(X), then the 
set {x : I/I < ^} = X so for any n > 1 we have {x : |/| < ^^j) — {-^ • 1/1 — 
= X, i.e, / = 0. 

(6) (c). This is evident, for Cp(X) C Coop(X). _ 
(c) =^ (a). Suppose that Cp(X) = and A E V. IfA^X, then there 
exist X E X \A, hence we define / G C(X) such that f{x) = 1, f{A) = 0, i.e, 
/ G C-p(X) = 0, which implies that / = 0, this is a contradiction. 

Corollary 2.16. Let X = Q and V={A C Q : Q \ A is compact }, then 

Coop(X) = Coo(X) = (0). 

Proof. Every element of V is dense in X, so by above proposition, Coop(X) = 
Coo(X) = (0). 
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Definition 2.17. Let J-" be a filter on X, A is subset of X wliere A = Hi^i 
each Ai is an open subset, X \Ai, Aj+i are completely separated and Ai G J-", 
we say A is a J^-CGg set. 

Example 2.18. Let J^={F ^ X : X\F is compact} and X is a non-compact 
space. Then the complement of every open locally compact a-compact sub- 
space A is a J^-CGs- By [71 3. p. 250], A = lJi=r ^« which Ai C intAi+i and 
each Ai is compact so X \ A is a J^-CGs- 

In the following lemma we characterize a closed T-CGs set. 

Lemma 2.19. Let A be a closed subset of space X. Then A is a T-GGs set 
if and only ii A = Z{f) for some / G Coot>(X). 

Proof. Let A he a J'-GGs, so A = fXiZT ^« such that for each n G N, y4„ is 
a an element of J-" and X \An, are completely separated. Now for each 

n G N, there exist /„ G G{X) such that /n(^n+i) = 0, /„(X \ An) = 1, then 
f = Y1 ^fn is an element of G{X), by Weierstrass M-test. Clearly A = Z{f). 
We claim that / G Goov{X). Let Xq G A^+i, then /i(xo) = /2(a;o) = •••/n(a;o) = 
and so /(xq) < + + ••• < ^ < ^- Therefore Xq G {x : |/(x) < ^j, 
and hence An+i C {x : |/(x) < -}, i.e, / G Coop(X). Suppose that A = Z{f) 
for some / G G^r{X). Then /= nr=i{^ ^ 1/(^)1 < = {^^ : < 

-} G J-" for each n G N, X \ An and An+i are disjoint zero-sets, and hence 
completely separated, i.e, A is a J^-GGs- 

We know that Cp(X) is a subset of Coop(X). In the following proposition 
we find filter J-" for which Cp(X) and CooT'(X) are equal. 

Proposition 2.20. Coop(X) = Cp(X) if and only if every closed J-'-GGs is 
an element of J-". 

Proof. Suppose that condition holds. It is enough to prove that Coo-p(X) C 
Gp{X). Let / G Coop(X), then by Lemma Ell Z(/) is a closed J^-CG^- 
Hence Z{f) contains an element of V , i.e, / G Cp(X). Conversely, suppose 
that Coop(X) = Gp{X) and A is a closed T-GG5. By lemma [2l2l A = Z{f) 
for some / G Coop(X), now / G Cp(X) implies that A = Z{f) contains an 
element of V, i.e, A E J^. 

In the above proposition we seen that if every closed T-GGs is an element 
of J-", then Coop(X) is an ideal of C(X). But in general, Coop(X) may not be 
an ideal of G{X) as we will see in the sequel. 

Example 2.21. Let P={]R \ [^,n\: n G N}, then it is easily seen that V is 
an open filter base on M, and we show that Coop(IR) ^ Coo(M) is not an ideal 

{0 x<0 ( x<0 

X < X < 1 , g{x) = < X < X < 1 , then 
^ l<x (x^ l<x 
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a; < 



/ G Coop(M), g e C{R) and we have {fg){x) = < x'^ < a; < 1 , is not in 

[ 1 l<x 

C^p(M), for {x : < l}=(-oo, 1). Since ^ G C^{R) but is not in 

Coop(M), so Coop(M) C Coo(M). 



In the following, we give an example of open filter base V for which Coop(^) 
is an ideal of C{X). 

Example 2.22. If P is equal to the set of all open subsets which complements 
are Lindelof , then we know that Coov{X)={f '■ X \ Z{f) is Lindelof subset 
of X}, in this case Cocvi^) is an ideal of C{X). For let f,g E Coov{X), 
then X\Z{f + g)C{X\ Z{f)) U (X \ Z{g)) implies {x : |(/ + g){x)\ < 
^} ^ X \ {{X \ Z{f)) U (X \ Z{g)), which contains an element of V, i.e, 
f + ge C^viX). life C^v{X) and g G C(X), then X \ Z{fg) C X \ Z(f) 
implies that {x : \{f.g){x)\ < ^} contains an element of V, i.e, f.g G Coov{X). 

F. Azarpanah and T. Soundarajan in [5J have found some equivalent con- 
ditions for which CooiX) is an ideal of C(X)(e.g, V={A ^ X : X \ A is 
compact}). In the following theorem we find some equivalent conditions for a 
larger class of V which Coov{X) is an ideal of C{X) and by this theorem give 
several corollary. 

Theorem 2.23. The following statements are equivalent. 

(a) . Coov{X) is an ideal of C{X) and for any F G J-", X \ F is bounded. 

(b) . The set of non-cluster points of filter is bounded. 

(c) . The complement of every closed J^-CGs is bounded. 

Proof, (a) =^ (b). Let A be the set of non-cluster points of filter J-". 
If A is not bounded then there exist h G C(X) and discrete subset C = 
{xi,X2,X3, ...} C A such that for each n G N, h{xn) > n. A is open so 



and /(x) = X]n=(r/"(^) ^'^ch that /„ G C(X) and so / G C(X). We have 
{x : I/I < i} = {xn+i, Xn+2, ■■■}■ Now any x„ G X \ F„ for some F„ G J". This 
implies that X\{a;i, x„} contains an element of J-" so of V, i.e, / G Coop(X). 
But we have {x : \fh\ < i} = X \ {xi,X2..., }, if there is P E V such that 
X\ {xi, X2..., } ^ -P, then {xi, X2, ...} C X\P, which contradict by hypothesis, 
so fh ^ Coo-p(X), i.e, Coo-p(X) is not an ideal of C(X), this is a contradiction. 

(6) =^ (c). easily seen that the complement of every closed J-'-CGs is a 
subset of non-cluster points of filter so is bounded. 

(c) =^ (a). By Lemma \T2\ Coop(X) is a subring of C(X), it is enough to 
prove that fg G Coop(X) for every / G C(X) and 5^ G Coop{X). By Lemma 
I2.12[ ^((7) is a J^-CGs and hence, by (c), F = X \ .^'((7) is a bounded sub- 
set of X, so f(Y) is a bounded subset of R. Now it is easy g^ G Coop(X), 



any {x„} is an isolated point, therefore we can define fn{x 
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since g G C^viX), moreover = U {0}. Since f{Y) is a 

bounded subset of M and G Coov{X) is a bounded function on X{X \ Z{g) 
is bounded), we get {f{g)s){Y) is a bounded set in R implies that {f{g)^) is a 

2 

bonded on X and so belong to C*{X). Since Coop{X) is a ring, ga g Coop(X). 
However, Coop(X) is an ideal of C*{X). Therefore fg = {f{g)^){g^) G 
CooviX), thus CooviX) is an ideal of C(X). Now let F G and X \ F 
is unbounded, so contains infinity set of isolated points say A = {xi, X2, ...} C 
(X \ F), such that A is unbounded. We claim that X \ A is a J^-CGs- For 
X \ y4 = Hi^i which Bi = X \ {xi, Xj}, Bi E J-' and X \ are 
completely separated so by hypothesis, X \ (X \ A) = A is bounded, this is a 
contradiction. 

Corollary 2.24. If X is a pseudocompact space, then for any open filter base 
P, C^v{X) is an ideal of C(X). 

Proof. If X is a completelyly regular pseudocompact Hausdorff space and V 
be an open filter base for filter J-", then any subset of X is bounded so the 
set of non-cluster point of J-" is bounded, thus by theorem 12.231 Coov{X) is an 
ideal of C(X). 

Corollary 2.25. Let X be a local space. Then for any open filter base V, 
Coop(X) is an ideal of C(X) and for any A E V, X\Ais bounded if and only 
if X is a pseudocompact non-compact space. 

Proof. If X is pseudocompact, then by corollary 12.241 ^ot any open filter base 
V, Coop(X) is an ideal of C(X) and for any A E V, X \ A is bounded. Now 
let X be a local space, then there exist an open filter base V for some filter J-" 
on X such that J-" has no cluster point so X is the set of non-cluster point of 
filter J^. Hence by 12.231 X is bounded, i.e, X is pseudocompact. 

Corollary 2.26. Let X be a non-pseudocompact space and V={A (^open X: 
X \ A is bounded }. Then Coop(X) is an ideal of C{X) if and only if any 
union of the interior of closed bounded subsets is a bounded subset. 

Proof. If any union of the interior of closed bounded subsets is a bounded 
subset, then the set of non-cluster point of open filter V is bounded so by 
theorem 12.231 C^cviX) is an ideal of C(X). Conversely, If A = {J^^gintAa 
where for each a E S , Aa is a closed bounded set, then we have X \ A^ E V 
and intylo, = X \ (X \ Aa), so A is contained in the set of non-cluster points 
of open filter V, i.e, A is bounded. 

Corollary 2.27. Let X be an an infinite space and V={A C X: X \ A is 
finite }. Then Coop(X) is an ideal of C(X) if and only if the set of isolated 
points of X is bounded. 
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Proof. Let A E V he an open subset. We have X\A is an open finite subset, 
thus the set of non-cluster point of V is contained in the set of isolated points 
of X, so is bounded, hence by theorem 12.231 Coop{X) is an ideal of C{X). 
Conversely, let A be the set of isolated points of X. Then A = UxsaI^}' each 
{x} is a clopen subset, X \ {x} G V and {x}=int{x} = X \ {X \ {x}), so A is 
contained in the set of non-cluster points of open filter V, i.e, A is bounded. 

Example 2.28. (a). UV={A CM: M\ A is bounded }. Then Coop(M) is not 
an ideal of C(]R). Because IJ^i(0;''^) not bounded. 

(b). If V={A CM: M \ A is finite }. Then by the above corollary, Coop(M) 
is an ideal of C(M). 

Remark 2.29. Any closed bounded in a normal space is a pseudocompact and 
any pseudocompact Lindelof space is compact, so if X is a real compact normal 
space and V equal be the set of all subsets whose complements are bounded 
subsets of X, then Coovi^) = Coo{X), for example in M if P equal be the set 
of all subsets of M, whose complements are bounded, then Coop(M) = Coo(IR). 
In particularly, if X is a Lindelof space and V equal be the set of all subsets 
of X, whose complements are bounded, then Coop(X) = Coo(X). 

3 C'p{X) as an essential ideal. 

Topological space X for which Coo{X){Ck{X)) is an essential ideal was char- 
acterized by F. Azarpanah, in p.j. In this section we will prove that for com- 
pletelyly regular Hausdorff space X, Cp{X) is an essential ideal if and only if 
for any open set U in X there is an open set V O U such that X \ V E J^. 
We also show that an ideal E in Coo-p(X) is an essential ideal if and only if 
f] Z[E] does not contains X \ F for any non-dense subset F E J^, which is a 
generalization of [H Proposition, 4.6]. 

Proposition 3.1. An ideal E in Coop(X) is an essential ideal if and only if 
every F E J-" which U/es ^oz{f) C F is dense in X. 

Proof. Let F G J-", U/es co2;(/) C F and F 7^ X, then there exist x E X such 
that X ^ F, it follows that there is / G C{X) such that f{x) = 1, /(F) = 0, 
i.e, / G C^v{X). Now for any ^ G F we have X \ Z{f) C X \ F C Z{g), i.e, 
f g = so (f) n E = 0, which contradicts the essentiality of F. Conversely, 
let / G Coop{X). So there is a G X such that |/(a)| > ^ for some 
n G N, hence a e X \ {x : \ f\ < ^}, i.e, {x : |/| < ^} 7^ X, we know that 
{x : I/I < G so by hypothesis, X \ {x : |/| < ^ fl^l^]- Therefore 
there exist b e X \ {x : \f\ < ^} and g e E such that g{b) ^ 0, i.e, fgj^O 
thus F is an essential ideal in Coop(X). 

Now we can prove the following theorem by adapting the proof of [31 The- 
orem 3.2]. 
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Theorem 3.2. Cp(X) is an essential ideal if and only if for any open set U 
in X there is an open set V U such that X \ V ^ 

Proof. We will prove that for every non-unit g G C{X), C-p{X) fl {g) ^ 0. 
Since X \ Z{g) is an open set, then there is an open set U where U C clU C 
X \ Z{g), and there is an open set V O U such that X \ V & J-". Then 

V C U C X\ Z{g). Define / G C{X) such that f{X \V) = 0, /(x) = 1 
for some x E V . Since X \ V Z{f) so / G Cp(X) . At the other hand 
Z{g) CX\VC Z{f) sofg^O and fg G Cv{X) n (g). 

conversely, Let U he a. proper open set in X. By regularity of X, there 
exist a non-empty open set V such hat V C dV C U. Now find / G C(X) 
where f{clV) = {1}, /(x) = for some x ^ U . If X \ V G J-", there is noting 
to proved. Suppose X \ V ^ . If V C Z{h) for every h G C-p(X), then 

V C Z[C-p(X)], which implies that C-pi^X) is not an essential ideal, by [H 
Theorem 3.1]. Therefor there is some h G C'p{X) such that Vr\{X\Z{h)) ^ 0, 
i.e, there is some Xq E V for which /i(xo) 7^ 0. Clearly fh G Cp(X). So 

= X \ Z{fh) is contained in X \ F for some F G J". If FT' = n 1/, then 
ly' is a non-empty open set in U and X \ W G J-". 

Corollary 3.3. If V is equal to the family of all open subsets of non-Lindelof 
space X which complements are Lindelof, then Coop(X) (Cp(X)) is an essential 
ideal if and only if for any open set f/ in X there is an open Lindelof subset 

V (ZU. 

Proof. By Theorem 13.21 this is evident. 

4 Coov{^) as a z-ideal and a regular ring. 

We know that Coop(X) is a subring of C(X), in this section, we see that 
Coop(X) is a 2;-ideal if and only if Every cozero-set which contains a J^-CGs 
is an element of J-'. Also we prove that, Coop(X) is a regular ring if and only 
if every closed J^-CGs is an open subset and belong to J-". 

Proposition 4.1. Coop(X) is a 2;-ideal of C(X) if and only if every cozero-set 
which contains a J^-CGs is an element of J-". 

Proof. Let X \ Z{f) be a cozero-set and A be a closed CGs in J-", by Lemma 
[2A91 there exist g G Coop(X), such that A = Z{g) so Z{g) C X\Z{f). Now we 

2 

define /i = jr^- Then G C(X) and Z(g) C Z{h), therefore h G Coop(X). 
on the other hand {x : < ^} C X \ Z{f), hence X \ Z{f) G J". 

Conversely, first we prove that Z{f) C Z{g), f G Coop(X), implies that g G 
Coop(X). C Z{g) C {x : \gix)\ < i}, for all n G N. But {x : |(7(x)| < i} 

is a cozero-set and Z{f) is a closed J-'-CGs so by hypothesis, {x : |5'(x)| < ^} 
is an element of J-", i.e, g G Coo-p(X). suppose / G Coop(X), G C(X), then 
Z{f) C Z{fg) show that /^f G Coo7'(X). Thus Coop(X) is a z-ideal. 
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Theorem 4.2. Coovi^) is a regular ring if and only if every closed J^-CGs 
is an open subset and belongs to J-". 

Proof. First, we prove that every closed J^-CGs is an open subset. By Lemma 
12.19^ every closed J^-CGs is of the form Z[f) for some / G Coov{.X). Z{f) = 
Z{f A n), for each n G N and {x : |/ A n| < = {a; : |/| < ^}. So we can 
let / is bounded. Regularity of Coop(X) implies that, there exist g G Coop(X) 
such that / = pg. Then X\Z{1- fg) C intZ{f). If x G Z{f) \ intZ{f), 
then X G Z{1 — /(?), which contradict x G Z{f), i.e, is an open subset. 

On the other hand for every x G X \ Z{f), g{x) = and hence g{x) > ^, 

where n is an upper bounded for |/|. Therefore X \ Z{f) C {x : \g\ > ^}, 
i.e, 2'(/) D {x : l^^l < But {x : < ^} contains an element of V so 
G J-". Conversely, Suppose / G Cocvi^)- ^(/) is a closed J-'-CGs so 
by hypothesis, is an open subset which belong to J-". We define g{x) = for 
X G Z{f) and ^(x) = for x G X \ Then g G C(X), / = fg and 

{x : \g\ < i} D , i.e, g G Cooi.(X). 

Corollary 4.3. (a). If V equal be the family of all open subsets of non- 
Lindelof space X which complements are Lindelof, then V is an open filter 
and Coop(X) is a regular ring if and only if every closed V-CGs is an open 
subset. 

(b). Coo(X) is a regular ring if and only if every open locally compact 
cr-compact is a compact subspace. 

Proof, (a), easily seen that V is an open filter. If Coop(X) is a regular ring, 
then by Theorem 14.21 every closed V-GGs is an open subset. Now let A be a 
closed V-GGs which is an open subset. By Lemma f2.19[ A = Z{f) for some 
/ G Coop(X). But X \ A = X \ Zif) = UZTix : |/(x)| > 1}, hence by ^ 
Theorem 3.8.5], X \ A is a Lindelof subset of X , i.e, A & V. So by Theorem 
14. 2[ Coop(X) is a regular ring. 

(b). If A is an open locally compact cr-compact subset, then X \ A is a 
closed V-GGs, which V={A C X : X\ A is compact} and G^{X) = Coop(X), 
so by Theorem 14.21 this is trivial. 
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